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Abstract 
A methodology for particle-resolved simulation of dense suspensions of flexible cylindrical particles in 
Newtonian liquid flow is described. It is based on the lattice-Boltzmann method for solving the liquid flow 
and an immersed boundary method for imposing no-slip at the particle surfaces and providing the 
distribution of liquid-solid interaction forces over the particle surfaces. These forces – along with contact 
forces – translate, rotate as well as bend the cylindrical particles. Verification tests have been performed for 
a single cylinder settling and deforming under gravity at a low Reynolds number. The method has been 
applied to a clamped flexible cylinder in microchannel flow for which experimental data are available. It 
then is used to investigate the behavior of hundreds of flexible cylinders with length over diameter aspect 
ratios of 4 and 6 in a container agitated by an impeller at a Reynolds number of 87 which implies laminar 
flow. The overall solids volume fraction is 15%. We study the effect of the bending stiffness of the particles 
on the solids suspension process, on the extent of particle deformation as well as on the torque required to 
spin the impeller. 
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Fibrous materials are commonplace in a myriad of applications. In the very common form of paper, but also 
– for example – as reinforced composite materials [1] and for energy storage as “fiber supercapacitors” [2]. 
Producing such materials often involves stages where solids – in the form of fibers – are suspended in liquid 
and are transported as a dense two-phase flow. Flowof dense fiber suspensions is also encountered in 
biomass conversion where materials of a fibrous nature (e.g. wood, waste from food crops) are processed for 
energy and materials production [3,4]. Therefore, predicting the flow dynamics of fiber suspensions, 
specifically in complex configurations as often seen in process equipment, has practical relevance. Th 
approach to fiber suspension flow we have taken in recent publications [5,6] is based on particle-resolved 
simulation. Particles of cylindrical shape are placed in a domain containing a Newtonian liquid.  The flow of 
liquid is simulated with a resolution much finer than the size of the cylinders so that the no-slip condition 
can be explicitly imposed at their surface and the hydrodynamic forces and torques on the cylinders directly 
calculated. These then induce translation and rotation of the cylinders and this motion is fed back to the 
liquid as – updated – no-slip conditions. This way an intimate dynamic coupling between liquid flow and 
particle motion is established that directly takes into account the (cylindrical) shape of the particles as well 
as the microstructure they are organized in.  
The previous simulations assumed the cylinders to be rigid [5,6]. In the present paper an approach is 
outlined to include deformation of the cylindrical particles in the numerical procedure. The reason for doing 
this is driven by applications –in many cases fibers in materials processing are flexible – as well as by 
curiosity. Regarding the latter, we want to explore under what circumstances flexibility of particles has an 
impact on the overall flow behavior, for instance in terms of directly measurable, macroscopic flow 
quantities.  
As we will see, our existing computational framework for particle-resolved simulations of dense 
suspensions involving non-spherical rigid particles [5,6], is well suited for an extension towards particle 
deformation. Given that in our methodology no-slip conditions at particle surfaces are imposed through a 
forcing variant of the immersed boundary method (IBM) [7], the distribution of forces over the solid 
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surfaces is directly available in the simulation. These forces, along with forces arising from contact between 
particles and between particles and internals in the flow domain (baffles, impellers), are not only responsible 
for particle motion (translation and rotation) but also for particle deformation. This paper only considers a 
bending deformation. This is for simplicity but also ince bending is the most significant deformation of 
slender cylindrical particles. 
When it comes to direct simulations of solid-fluid flow with rigid particles of non-spherical shape, 
recent work has made major strides in the accurate representation of the way particles dynamically interact 
with fluid [8,9]. There is limited literature on the subject of dense suspensions of deformable, non-spherical 
particles in fluid flow, the exception being detailed simulations of blood flow: Direct simulations of red 
blood cells (RBC’s) suspended in plasma that include the deformability of its membranes have –  for 
instance – been reported by Wu & Aidun [10]. There, d formation of the RBC membrane is dealt with 
through finite element analysis, while fluid flow is solved by the lattice-Boltzmann method.  
Experimental and computational progress on flexible fib rs in fluid flow has recently been reviewed 
by du Roure et al [11] with an emphasis on microscopic systems. In one type of simulation approach fibers 
are represented by chains of connected spheres [12,13, 4]. This allows for very strong deformations of the 
fibers. It does, at the same time, not very accurately represent the actual shape of the fibers and – therefore – 
the way it interacts with the fluid. The immersed boundary method – as also used in this paper – has been
effectively implemented  in parallel computer code by Wiens and Stockie [15]  and applied to flow systems 
involving single and multiple slender flexible fibers.      
The aim of this paper is to introduce and explain in detail an extension of previous work on particle-
resolved simulations of cylinder suspensions [5,6] towards particles with finite bending stiffness with the 
deformed particle shape fully accounted for by the IBM. We also aim for demonstrating the potential of the 
method for applications with complex flow conditions by showing results for dense suspension of hundreds 
of flexible cylinders in a non-trivial – albeit laminar – liquid flow generated by a revolving impeller. It has 
been investigated how bending stiffness impacts the overall flow behavior of this system. 
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It is important to experimentally validate the proposed numerical procedure, preferably at the level of 
individual particles and the way they deform under w ll-defined flow conditions. Such detailed experimental 
work is relatively scarce [11]. In the current paper experimental work by Wexler et al [16] on a single fiber 
bending in a micro channel flow has been used for this purpose. We also have performed a number of 
verifications  − including checking grid effects as well as assessing what resolution is required for the 
deformation calculations – for a single settling cylinder at low Reynolds number. Given the need for detailed 
validation, a secondary aim of this paper is to engage experimentalists to work on highly resolved 
visualizations of flexible fibers in fluid flow.  
    
Flow systems 
We perform simulations in three-dimensional rectangular flow domains. They are bounded by solid, no-slip 
walls all around, except for one system that consists of a micro channel (Hele-Shaw cell) that has been 
simulated with periodic boundaries in the streamwise direction. The domains are filled with a Newtonian 
liquid with density ρ  and kinematic viscosity ν . In addition, the domains contain one or more solid 
cylindrical particles with diameter d, length ℓ , and density pρ ρ>  (particle volume is denoted as 
21
4pV dπ= ℓ  and mass as p pm Vρ= ). The cylinders are bendable, i.e. they have a bending stiffness csEI  with 
E  Young’s modulus and csI  the moment of inertia of the cross sectional area of the cylinder 
( 4 64csI dπ= ). Bending is the only allowed deformation; the cylinders cannot be stretched, compressed or 
twisted.  
Three flow configurations have been considered in this paper: (1) Single horizontally oriented flexible 
cylinders settling in a tall closed box have been studied for the purpose of verifying the simulation 
procedure. (2) A Hele-Shaw cell with one cylinder with one of its ends attached to a side wall – a similar 
system has been considered in experiments [16] – that we use for validation. (3) Multiple flexible cylinders 
immersed in the liquid flow generated by a revolving mpeller have been studied as an example of a many-
particle system in complex flow. The configurations – including nomenclature of dimensions and coordinate 
 5
systems – are defined in Figure 1. In systems (1) and (3) the effect of gravity is important; there gravity acts 
in the negative z-direction: =− zg eg . The mixing tank is agitated by a pitched-blade turbine (PBT) that 
pumps in the downward (negative z) direction. The impeller has a diameter D and makes N revolutions per 
unit time.  
All three systems are being characterized in dimensionless terms. Where gravity is important, the 
particles-fluid combination is characterized by theArchimedes number ( ) 3 2Ar 1 gdγ ν= −  with pγ ρ ρ=  








. In the Hele-









 with U the superficial velocity in the cell. The Reynolds number 
associated with the impeller agitating the liquid is defined as 2Re ND ν= . A Shields number reflects the 
competition between agitation and net gravity acting o  the particles: ( )( )2 2 1N D g dθ γ= − . The overall 




φ = , with n  the number of particles and 2HT  the 
container volume (see Figure 1). The system’s geometry is characterized  by a number of size ratios; the 
most notable aspect ratio is dℓ , the cylinder’s length over its diameter. 
 
Numerical methods 
This paper extends the simulations on dense liquid-solids suspensions with rigid particles of cylindrical 
shape as discussed in [5,6] towards cylinders with a finite bending stiffness. We begin this section with a 
brief overview of the numerical approach (details in [5]) and then zoom in on how bending has been 
implemented as well as discuss the assumptions and limitations of the implementation. 
Overview of the simulation procedure 
The lattice-Boltzmann (LB) method [17,18] has been used as the fluid flow solver. It operates on a uniform, 
cubic grid with spacing ∆ . The flow variables (fluid velocity u  and pressure p ) are derived from discrete 
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velocity distribution functions that are the primitive variables of the method and are updated according to the 
LB equation that involves a collision and a streaming step [19]. The system discretely evolves in time with a 
time step t∆ . Flow variables are defined in the center of each cubic grid cell. The specific LB scheme used 
in this work is due to [20,21]. 
In order to represent solid (that is, no-slip) surfaces inside the flow domain (particle surfaces as well as 
the impeller) an immersed boundary method (IBM) hasbeen developed previously [22]. Solid surfaces are 
defined by collections of closely spaced off-grid points (nearest neighbor spacing of these points 0.5≈ ∆ ). 
At these so-called marker points we determine forces on the fluid such that the local fluid velocity (linearly 
interpolated from the lattice) closely approximates the local surface velocity so as to achieve no-slip. The 
IBM thus provides us with the distribution of fluid-solid interaction forces over the solid surfaces. 
Integrating the forces over the surface of each particle gives the total hydrodynamic force and torque on that 
particle that – along with other forces such as gravity and contact forces – are used to integrate the linear and 
rotational equations of motion of each particle. Now that particles are deformable, the distribution of forces 
over the particles will also be used to determine their bending deformation. This will be explained in more 
detail in the next sub-section. 
In addition to the particles, also the impeller has been represented through the IBM. The bounding 
walls of the flow domain are aligned with the grid. At these walls the halfway bounce-back rule has been 
applied to the velocity distribution functions [19] in order to achieve no-slip. 
Given our interest in dense suspensions, it is expected that collisions (between particles, between 
particles and the impeller, and between particles and the bounding walls) are frequent. In [5] we have 
detailed our approach for particle-particle collisions. Collision detection is based on the IBM marker points: 
two marker points lying on two different particle surfaces coming within a certain distance triggers a 
repulsive elastic (spring) force between the particles that prevent them from overlapping. In addition, a 
damping force proportional to the velocity differenc  of the two marker points gets activated to mimic 
lubrication effects between the two closely spaced solid surfaces. In the context of the discrete elemnt 
method (DEM) this approach for collision detection is known as discrete function representation [23]. As 
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shown in [6], the method as developed for particle-particle collisions can be straightforwardly extendd 
towards collisions between a particle and the impeller as well as between a particle and a bounding wall.  
To update the orientation of particles, quaternions have been used [24]: each particle is equipped with 
a unit quaternion ( )0,= qq q  that fully defines the way it is oriented in three-dimensional space. After 
updating the angular velocity pω  of each particle based on the Euler equations for the dynamics of particle 
rotation [25], the quaternions are updated according to an exact solution [26]: 
( ) ( ) ( )( ) ( )1 1 12 2cos , sink kq t t q+ = ∆ ∆pω   where the index ( )k  denotes the time step number, and the symbol   
the quaternion multiplication [24]. The same time st p  as used in the LB method has been used for the solid 
particle updates. 
Quaternions enable solving the dynamics of the cylindrical particles in a reference frame ( )1 2 3, ,x x x  
attached to the particle, see Figure 2. In this reference frame, the moment of inertia tensor of the (rigid) 
particle is constant and diagonal with diagonal comp nents 2111 8I md=  and ( )2 21 122 33 16 12I I m d= = + ℓ . 
Transferring information between the inertial refernce frame ( ), ,x y z  and a particle reference frame is 
facilitated by the quaternion associated to the particle: ( )0,q q=y x   with the vector x  defined in the 
inertial frame and y  defined in the particle frame, while ( )0,q q= −q  [27]. 
Cylinders with finite bending stiffness 
The simulation procedure as sketched above has been used for suspensions with rigid cylindrical particles 
[5,6]. The IBM as well as the collision algorithm provide us with the distribution of forces over the surfaces 
of the particles at any moment in time. With this information the deformation of non-rigid particles can be 
determined. This is explored in this paper for cylindr cal particles with a finite bending stiffness. 
In the terminology of structural mechanics [28], the cylinder is a beam with a bending stiffness csEI  
that is deflected by a distributed load (force per unit length along the beam) ( )2 1a x  and ( )3 1a x  in the two 
lateral directions 2x  and 3x  respectively (see Figure 2), with 1x  the coordinate along the centerline of the 
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beam. The load in the 1x  direction is irrelevant for bending; it would be rlevant for stretching or 
compression which are, however, deformations not considered in this study.  
The force distribution over the cylinder surface that is the result of the IBM and the particle contact 
algorithm has three consequences: (1) it accelerates the particle (in a linear and angular sense); (2) it opposes 
net gravity; (3) it bends the particle.  In the 2x  and 3x  direction this implies  
 ( ) ( ) ( )2 32 1 2 1 1 2 1




  = + + − −   
  (1) 
 ( ) ( ) ( )3 23 1 3 1 1 3 1




  = + − − −   
  (2) 
with ( )2 1b x  and ( )3 1b x  the total force per unit length at axial location 1x  in the 2x  and 3x  direction 
respectively, mα= ℓ  the mass per unit length of the cylinder, 2pu  and 3pu  components of the linear 
velocity of the particle, 2pω  and 3pω  angular velocity components, and 2g  and 3g  gravitational acceleration 
in the 2x  and 3x  direction respectively. Given that the particle acceleration (linear and angular) is solved 
separately in the simulation procedure, Eqs. 1 & 2 allow − at every moment in time for each particle − the 
determination of the load distributions 2a and 3a  that bend the particle.  
In a quasi-static approximation, the load distributions relate to bending moments 2 3 and M M  









= =   (3) 
For freely moving particles both ends of the cylinder are unconstrained. Then the boundary conditions f r 
these two second-order ordinary differential equations (ODE’s) are that at 1 11 12 2 and x x=− =ℓ ℓ  the 
bending moments are zero: ( ) ( )1 12 1 3 12 2 0M x M x=± = =± =ℓ ℓ . 








M EI M EI
dx dx
= =   (4) 
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in the limit of small deflections, i.e. if 2 3 and w d w d≪ ≪ . Solving for 2w  and 3w  requires again two 
boundary conditions each. Since the overall translation and rotation of the cylinder are updated by solving 
the dynamic equations of the cylinder in its entirety, the deflections are not allowed to add additional overall 
translation or rotation. Therefore the average deflection as well as the average deflection gradient must be 





















. The latter implies ( ) ( )2 22 2w w− =ℓ ℓ . The same 
boundary conditions apply to 3w . 
The sets of ODE’s (Eqs. 3 & 4) are solved through finite differences. The cylinder is divided in sn  
equally sized segments with length 1 sx n∆ = ℓ . The second derivatives are discretized according to a central 
scheme. As an example, for 2M  this reads ( )
2





M M Md M
O x
dx x
+ −+ −= + ∆
∆
 with 1 si n= …  and 
the i-nodes located in the middle of each segment (see Figure 3a). For each of the ODE’s this leads to a 
linear system of equations of size sn in the nodal values of 2 3 2 3, , ,M M w w  that is solved directly. The 
bending loads 2a  and 3a  are determined by first integrating the hydrodynamic and contact forces over each 
segment of the cylinder so as to calculate 2b  and 3b  and then apply Eqs. 1 & 2. 
Once we have calculated the deflections 2w  and 3w  for a cylinder, its shape in terms of marker points 
needs to be adjusted in order to apply the IBM as well as collision detection and execution at the surfaces of 
the deformed cylinders. The marker points are grouped per segment (see Figure 3b) and the deflection is 
dealt with as a translation and rotation per segment. Figure 3 illustrates how this has been implemented 
where – for clarity of illustration – in Figure 3a we only consider a deflection 2w  in the 2x  direction.  
Numerically solving Eq. 4 results in the nodal deflection values 2,iw . These are first translated into 
edge deflection values ( )2,
e
iw  (defined in Figure 3a) through linear interpolation as well as using the boundary 
conditions. Starting from the middle of the cylinder (at 1x =0), the edge locations on the centerline are 
displaced by ( )2,
e
iw  in the 2x  direction and the segment centerline is rotated by an angle 








 −     ∆  
. In 
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order to keep the segments on the deformed centerline (the red line pieces in Figure 3a) connected with 
neighboring segments, the segments are also shifted in the 1x  direction. The same shift and rotation as 
applied to the centerline segments is then also applied to the marker points of each segment (where the 
rotations again make use of quaternions). Figure 3c shows an example of how a deformed cylinder is 
represented by marker points. Since the IBM as wellas collision handling are using the marker point on the 
deformed cylinder, the fluid-solid and solid-solid interactions are directly taking into account the evolving 
shape of the cylindrical particles.  
There are a number of assumptions and approximations hat we would like to highlight here; most of 
them have been adopted for simplicity and computation l efficiency and therefore there is clearly room for 
future refinements of the methodology. (1) Only bending as a deformation is allowed. (2) Equation 3 is 
based on a quasi-static assumption. This implies that we assume that fluctuations with which the deforming 
load ( 2 3,a a ) changes in time are slower than the eigen-fluctuations of the flexible beam. The load 








 [29]. We will be comparing time scales when discusing the simulation 
results. (3) Equation 4 is valid for small deflections (2 3 and w d w d≪ ≪ ). As we will see from the 
















 as investigated in this paper. Two additional 
approximations originate from the small-deflections as umption: (3a) In updating the equations of rotational 
motion of the cylinders, the moment of inertia tensor of the non-deformed cylinder has been used. (3b) The 
velocity directly associated to deflections, i.e. the change in deflection per unit time (2 3 and dw dt dw dt ), 
is not considered when imposing no-slip by means of the IBM. 
 
Set-up of the simulations 
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Throughout this paper the same liquid, cylinder diameter and cylinder density have been used. Since also 
gravitational acceleration has not been varied, the Archimedes number is constant. It has value Ar=4.15. The 
density ratio is 1.25γ = . Most simulations deal with cylinders with d =ℓ 4, except for one agitated tank 
simulation that has d =ℓ 6 as well as the cylinder in the Hele-Shaw cell that has an aspect ratio in line with 
the available experimental data. The simulations focus on the impact the bending stiffness parameters σ   
and χ  have on the behavior of the solid-liquid flow system. Variation of σ  is in the range 0.5 50σ≤ ≤  in 
the settling simulations, and 5 150σ≤ ≤  in the mixing tank simulations; furthermore 4 110 10χ− −< < . The 
flow of liquid in the mixing tank is laminar with afixed value of the impeller-based Reynolds number: 
Re=87. The mixing tank simulations all have a Shields number θ=9.08. The same flow geometry and 
conditions have been applied in a previous paper [6] that studied rigid cylinders in a mixing tank. An 
overview of the dimensionless numbers used in this paper is given in Table 1. 
As the default spatial resolution of the simulations, the diameter of a cylinder spans 12 lattice spacings: 
12d = ∆ . Grid sensitivity has been assessed previously [5] and also in the settling and Hele-Shaw cell 
simulations in the current paper. Here by comparing results with the default resolution to those with 
16d = ∆  and 24d = ∆ .The default number of segments when solving the bending-related ODE’s (Eqs. 3 & 
4) for d =ℓ 4 is sn =20. Also the sensitivity of this choice has been investigated. 
The T T H× ×  agitated tank has been discretized with nx ny nz× ×  cubic cells with 251nx ny= =  and 
240nz= . In this  domain, the impeller is represented by a collection of marker points and associated 
outward unit normal vectors at its surface. The marker points revolve around the z-axis such that the impeller 
makes one revolution in 4000 time steps ( ( )1 4000N t= ∆ ). 
Collision detection and execution of collisions (particle-particle, particle-impeller as well as particle-
wall) is identical as in [6], including the values of the coefficients used in the elastic force and damping force 
expressions. For completeness, Table 2 summarizes th  elastic and damping force expressions, the 
parameters as used in the expressions and the definition of the relative location of the two marker points 
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between which the forces get activated. These are located on two different particles in case of a particle-
particle collision; one of them is on the impeller in case of an impeller-particle collision. 
For initialization of the simulations we first randomly distribute particles in a non-overlapping way in 
the T T H× ×  flow domain, without the impeller being present. The number of particles has been chosen so 
as to achieve a solids volume fraction of φ = 0.148; if d =ℓ 4 there are n=411 particles in the tank, for 
d =ℓ 6, n=274. The particles settle so that they eventually form a granular bed on the bottom. Then the 
impeller is installed and is set to rotate. In the first 4000 time steps the impeller speed ramps up linearly, 
after that it has its steady value of ( )1 4000N t= ∆ .  
 
Results 
Single cylinder settling − verifications 
A single cylinder with 4d =ℓ  is placed horizontally in a rectangular box filled with liquid and closed off 
all around. At time zero – when cylinder and liquid have zero velocity – gravity is switched on and the
particle settles and while settling bends, see Figure 4 that shows snapshots of particle location and shape as 
well as the liquid velocity magnitude contours in a cross sectional plane. Quickly (within one viscous time 
2d ν ) the particle bends to a steady shape. In the middle panel of Figure 4, the segments constituting the 
bended cylinder have been made visible. Upon approaching the bottom the cylinder rectifies itself while 
liquid is being squeezed out of the space between bottom and particle. This evolution is also shown in Figure 
5 in terms of time series of the Reynolds number based on the instantaneous settling velocity Res su d ν=  
and the deflection relative to the cylinder diameter w d∆  with w∆  the difference between the deflection at 
the end points and in the middle of the cylinder ( ( ) ( )0 2w w w∆ = − ℓ  where it is reminded that 
( ) ( )2 2w w− =ℓ ℓ  is a boundary condition). We observe a weak coupling between settling speed and 
deformation: the most flexible cylinder settles fastest. The change of shape affects the drag coefficient and 
therefore the settling velocity. The time it takes for the particle to deform is shorter than the time for it to 
reach a steady velocity. As expected, the deformation strongly depends on the stiffness of the cylinder. On a 
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more detailed note, it is interesting to see an inversion of w∆  when it gets close to the bottom. This is due to 
lubrication forces acting on the cylinder in the positive z-direction near the middle of the cylinder being 
larger than at its edges. It is easier for the liquid to escape the gap between the particle and the bottom near 
the edges than near the middle. We note that these ar  resolved lubrication forces: The inversion takes place 
well before the lubrication model mentioned previously kicks in.  
Figure 5 shows that the simulation domain is sufficiently tall so as to have plateau (steady) values for 
Res  and w d∆  for a significant part of the trajectory. These plateau values we use for further analysis and 
verification purposes. This has been summarized in Figure 6 where steady state settling Reynolds number 
and deformation are plotted against 1 σ . The default spatial resolution ( 12d = ∆  for the LB method and 
20sn =  for the number of segments along the cylinder) is compared to a finer LB grid and finer and coarser 
segment divisions. Steady state deformation is large y inversely proportional to the bending stiffness of the 
cylinder which is to be expected for the linear elastic behavior as implied by Eq. 4. Deviation from linearity 
for the most flexible cylinder (for which 1 2σ= ) is the result of feedback from the fluid flow: The 
significant deformation that occurs when 1 2σ=  impacts the flow pattern around the cylinder which, as a 
consequence, steers the deformation away from the straight line that signifies linearity (Figure 6, bottom 
panel). The same feedback between deformation and flow results in a slight (note the limited ( )Res ss range of 
the upper panel of Figure 6) increase of settling speed with decreasing stiffness. 
The numerical resolution has minor impact on the steady-state deformation and settling speed. A 
change in sn  does – to a very good approximation – not affect the settling speed (and for that reason these 
data have been omitted in the upper panel of Figure 6). It does affect the deformation in a systematic 
manner: more segments results in increased deformati n. However, differences between deformation for 
20sn =  and 30 are less than 2%. It should be noted that the simulation method sets some limitation on the 
number of segments. The length of each segment snℓ  needs to be larger than ∆ (by a factor of 2 at least) in 
order to have an appreciable number of marker points per segment to have a smooth and representative force 
distribution along the length of the cylinder. The LB resolution has some effect on the settling speed, as also 
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seen in a previous paper on hindered settling [6]. Differences are, however, minor (less than 3% betwen 
12d = ∆  and 16d = ∆ ). 
Hele-Shaw cell − comparison with experimental data 
As already noted in the Introduction, experiments under well-defined conditions with a complete set of 
material properties the results of which could be us d for validation are rare. In this respect, the experimental 
part of the work by Wexler et al [16] on a single, clamped fiber deformed by the low-Reynolds number flow 
in a microfluidic channel is very useful. Their exprimental results have been presented in the form of the 
fiber’s tip deflection as a function of the volumetric flow rate in the channel. One of the foci of the 
experimental work is the effect of confinement as a result of which the channel width W (see Figure 1b) is 
only slightly larger than the width of the fiber. An important detail of the experiment is that the fibers have a 
rectangular cross section, where our interest is in fibers with a circular cross section.  
For a meaningful comparison between experiment and simulation we have translated the experimental 
data in dimensionless terms where the difference in cross sectional shape between simulation and experiment 
requires some caution. We define w as the size of the fiber’s cross section in streamwise direction and s as its 
size in transverse direction. The fiber’s length is (a  before) denoted by ℓ . Given the narrow confinement we 
give our simulated cylindrical fiber a diameter d s=  and make sure that in the simulations we match the 
experimental aspect ratios s W =0.85 and S =ℓ 0.60. The default length of the channel is 2L S= . In the 
flow direction we have periodic boundary conditions. Some cases have been repeated with 3L S=  and no 














=  and Q the volumetric flow rate as specified in the experim ntal paper [16]. 




I = . The rational for comparing experimental data with a 
specific value of  expχ  with simulation data having the same value χ  is that we expect the hydrodynamic 
force to scale with the superficial velocity and the frontal area which is dℓ  for the round fiber and sℓ  for the 
rectangular one so that the bending moment scales as 2dℓ  and 2sℓ  respectively.  
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Figure 7 shows – in a double logarithmic way as also di played in the experimental paper [16] – the 
comparison between experiment and simulation in dimensionless terms (expχ  and χ  versus the fiber tip 
deflection that has been scaled with the length of the fiber: 3w ℓ ) . The experimental data points have been 
obtained from the data set denoted “ 22 m, 241 mw hµ µ= = ” in Figure 3 of Reference [16]. For this data set 
the aspect ratio of the fiber is 4.3s d= =ℓ ℓ . The uncertainty in the experimental points in Figure 7 is due 
to the uncertainty in Young’s modulus in the experiments that is reported as 63 22E = ±  kPa [16]. The 
simulations have been conducted at a fixed flow rate nd therefore fixed channel Reynolds number 
Re 0.1W UW ν= ≈ . The bending parameter χ has been varied by varying csEI  (over almost three orders of 
magnitude). As in the experiments, the simulations show a linear and a non-linear regime with the transition 
occurring at 210χ −≈ . The primary reason for the non-linear regime is feedback of the fiber deformation on 
the fluid flow and thus can – in principle – be captured by a linear elastic model for fiber bending. We 
observe reasonable agreement between simulation results and experimental data with, however, consistently 
lower deflection in the simulations. In the linear regime the deviations are within the error margin that is the 
result of uncertainty in Young’s modulus in the expriment. This is not the case for the non-linear regim  
that has larger deformations. We here likely overstep the limit of small deformations 3w d≪  that is part of 
the modeling approach. Also, and this is the case over the entire parameter range, there is the difference in 
cross sectional shape of the experimental and computational fiber with consequences for the hydrodynamic 
force distribution and therefore deflection. We do n t expect, however, that this is an effect that has
consequences beyond the error margins due to uncertainty in Young’s modulus making it  hard to assess 
conclusively. 
There only are minor differences between simulation results with 16d = ∆  and 24∆ . On one hand, 
this is not surprising given the relatively simple flow geometry and low value of ReW . On the other hand, 
the narrow gap between fiber and channel side walls doe  require proper resolution.  
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In conclusion, this test case of a fiber bending in m cro channel flow has provided some confidence in 
the simulation approach. However, experimental validation under more challenging circumstances – 
specifically involving assemblies of many particles – remains very desirable. 
Flexible cylinders in agitated flow 
The system we are looking into now is far more complicated than the ones in the previous sub-sections. It 
involves many flexible cylinders agitated by a non-trivial – albeit laminar – flow generated by a revolving 
impeller. This system is, however, a logical continuation of the simulations on agitated rigid cylinders 
discussed in [6] now using the methodologies for int oducing flexibility as described (and to some level 
verified and validated) in the previous sections of the current paper. The main independent variable of this 
set of simulations is the bending stiffness. The solid  volume fraction, Archimedes number, impeller-based 
Reynolds number and Shields number have all been kept constant. Most simulations have cylinders with 
4d =ℓ ; one simulation has 6d =ℓ . The initial condition is shown in Figure 8: random multilayers of 
cylinders on the bottom of the container, slightly bended under their own weight. 
At time zero the impeller is inserted and set to rotate. In Figure 9 the evolution of what follows is 
monitored in terms of the average vertical (z) position of the particles, as well as the average deformation. 
Differently from the one-cylinder settling and micro channel cases with deformation in one direction only, 
here deformation of particle i ( )iw∆   is defined as ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )2 22 2 3 30 2 0 2i i i i iw w w w w∆ = − + −ℓ ℓ  and 
average deformation implies averaging over all particles. We observe a development towards a dynamic 
steady state over a period of at least 100 impeller revolutions. With respect to the average vertical particle 
position pz  there is no significant difference between the various 4d =ℓ  cases. They all evolve towards 
a steady value of 0.36pz H≈ . The longer ( 6d =ℓ ) particles get suspended slightly faster and – on 
average – to a slightly higher vertical level. This trend with aspect ratio was also observed for rigid cylinders 
[6]. Average deformation initially develops quickly. Steady state values – obviously – depend on the 
stiffness parameter σ .  
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Impressions of the solids suspension process are given in Figure 10. The upper row is a time sequence 
with initially particles being drawn to the impeller from underneath due to the pressure distribution induced 
by the swirling flow with minimum pressure under the impeller. Particles can be seen to be strongly 
deformed by the impeller in Figure 10b. The dynamic steady state is one characterized by partial suspension 
(Figure 10c) as anticipated by the Shields number value of θ=9.08 [30] and the average vertical particle 
location being well below 2H  (see Figure 9). The impressions in the lower row of panels of Figure 10 
clearly illustrate the effect of bending stiffness and cylinder length on the levels of deformation of the 
particles. 
Partial suspension of particles is also witnessed from the vertical solids volume fraction profiles in 
Figure 11. Layering of particles is observed closely above the bottom. There are no clear, systematic 
differences between the profiles except for the second layering peak above the bottom being much weaker 
for 6d =ℓ  which indicate that these longer particles are suspended better, and the fact that the minimum φ  
at the level of the impeller ( 2z H≈ ) is less pronounced for the most flexible particles with 4d =ℓ  as well 
as for the particles with 6d =ℓ .  
In Figure 12 we focus on the way deformation of particles is distributed. In the top panel as probability 
distribution functions (pdf’s) which have been collected over the entire tank volume as well as over a time 
period of 25 impeller revolutions; in the bottom panel as the average deformation as a function of vertical 
position of the particle centers. From the pdf’s it is clear that many particles deform strongly and have 
deformations w∆  of the order of the particle diameter d. The fraction of particles deforming strongly 
increases more than proportionally with decreasing σ , with σ  varying by 1 to 2 orders of magnitude the 
variations in the pdf’s exceed 2 orders of magnitude. The average level of deformation is clearly coupled 
with local flow conditions: it peaks at the height of the impeller, more precisely directly above and directly 
below the impeller. With deformation of the order of particle diameter d, extending the simulation procedure 
beyond the small deformation limit w d∆ ≪  is an important next step. The results in Figure 12 show that – 
specifically if 50σ<  ( 4d =ℓ ) – this condition is not satisfied.   
 18
The two panels of Figure 12 indicate that the deformation levels of the simulation with 
4& 5d σ= =ℓ  and the one with 6 & 50d σ= =ℓ  are comparable, as also seen in the time series in Figure 
9. Deflection of a linear elastic beam subjected to a certain load is proportional to 4ℓ  [28]. With ( )46 4 5≈  
we thus expect comparable deformations for the two cases. As we observed in Figure 11, the two cases 
showed a slightly higher solids volume fractions at the level of the impeller hinting that (strong) flexibility 
has consequences for the way particles interact with the impeller.  
In an overall sense, the interactions between impeller and particles and between impeller and fluid 
have been quantified by measuring the torque exerted on the impeller. In the conventional way of mixing 
research [31], torque has been translated into power P first and then into the dimensionless power number 
Po: 2P Nπ= Γ  and ( )3 5Po P N Dρ=  with Γ  the torque exerted on the impeller. The torque, and therefore 
Po, can be divided in a fluid and a solids contribuion. The fluid contribution follows from integrating the 
fluid-impeller interaction forces stemming from the IBM over the impeller surface, the solids contribut on 
from integrating the contact forces between impeller and the particles. Time series of Po are given in Figure 
13 for the case with the most flexible particles ( 5σ= ) of aspect ratio 4d =ℓ  and for a case with the same 
aspect ratio but much higher stiffness ( 50σ= ). The two cases behave very differently. All four time series 
in Figure 13 fluctuate which is due to particle motion, not due to turbulence given the modest impeller-based 
Reynolds number. The interaction between solids and impeller for 5σ=  is very weak which we interpret as 
the flexibility of the particles enabling them to largely avoid contact with the impeller. This is very different 
for the 50σ=  particles. The torque fluctuations due to these particles are much higher indicating many 
more particle-impeller collisions. These differences in particle behavior of relatively stiff and flexible 
particles has profound consequences for the fluid-related torque which is much higher for the flexible 
particles. 
Time-averaged power number results are shown in Figure 14. The total power (fluid plus solids power) 
for 4d =ℓ  decreases with σ  for 50σ<  and for 50σ≥  gets independent of the stiffness parameter. The 
single data point for 6d =ℓ  shows – as also seen in Figure 12 – results comparable to the case with 
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4& 5d σ= =ℓ . The total torque (or total power) is a measurable quantity. The simulations suggest that it 
depends on the flexibility of the particles if they are sufficiently flexible. An experiment along those lines 
would be an interesting test for the simulations presented in this paper. 
The time series on power / torque in Figure 13 provide us with some insight in the time scales of 
fluctuations induced by the revolving impeller as well as by particle motion. An order of magnitude estimate 
of the fluctuation time scale based on what we see in Figure 13 is 0.1flow Nτ ≈  which is equivalent to 400 








 which is – 
for a mid-range stiffness coefficient of 50σ=  – of the same order of magnitude as the flow time scale, 
casting into some doubt the validity of the quasi-static assumption underpinning Eq. 3.  
 
Summary and conclusions 
A methodology for highly resolved flow simulations of flexible cylindrical particles suspended in liqud has 
been introduced. It is an extension of previous work on particle-resolved simulations with rigid cylinders. 
Based on the way the hydrodynamic forces and particle interaction forces are distributed along the length of 
the cylinders, bending moments and subsequently deflections have been calculated based on linear elastic 
theory and a quasi-static assumption. 
For the relatively simple case of a cylinder settling horizontally in a closed container at low Reynolds 
number a series of verification tests have been performed. They show only a weak dependency on the 
numerical parameters of the settling speed and the level of bending of the particle. It is also clear from these 
simulations that the particle deformation is fed back to the fluid flow and that the settling speed increases – 
albeit modestly – with increasing deformation. We also have reproduced – with a fair level of agreement – 
experimental results on bending of a clamped fiber in micro channel flow [16], including the transition from 
a linear to a non-linear regime which is the result of feedback of the fiber shape on the flow in the c annel 
and drag force on the fiber. 
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To demonstrate the feasibility of the numerical approach to many particle systems in complex flow, 
flexible cylinders were placed in an agitated tank to an overall solids volume fraction of 0.15. The agit tion 
was such that a laminar flow with an impeller-based Reynolds number of 87 was generated. We mainly 
investigated how the system responds to a change in the bending stiffness of the cylinders. In the flexibility 
range considered, the deflection of the 4d =ℓ  cylinders is of the order of the diameter d of the cylinders 
with deflection being on average strongest near the impeller. The levels of solids suspension as measur d 
through the time-averaged vertical location of the particles and the vertical solids volume fraction profile do 
not depend strongly on the flexibility of the particles. 
The torque required to spin the impeller and the way it is distributed over a fluid and a solids 
contribution does depend significantly on the bending stiffness. The resulting total power number is higher 
when the particles are more flexible and then is almost completely due to the fluid. For more rigid particles a 
significant portion of the torque is required for direct particle-impeller interactions. 
We have shown that the assumptions of small deformation and quasi-static deflection are not fully 
satisfied under many of the conditions investigated in this paper. Refining the simulation procedure to 
alleviate restrictions on the applicability of the computational method is left for future work. We don t 
expect conceptual issues in this respect. Including ynamics in the bending process to overcome the quasi-
steady assumption requires adding time-dependent terms in the structural equations where accurate time
stepping needs careful attention. Also theory for large deflections – still based on linear elastic materi l – is 
well developed [28] and amenable for implementation in numerical procedures. Inspiration can also be 
obtained from research on fluid-structure interaction (FSI) where solid and fluid mechanics solvers are
coupled to study large deformation of structures under the influence of fluid flow over a very wide range of 
Reynolds numbers, from creeping flow [32], to interm diate [33] to high Reynolds numbers [34]. 
In light of this, however, it is (more) important to further work on experimental validation in order to 
test the simulation procedure and see if refinements i  the procedure have sizeable effects in the right 
direction. It is realized, however, that creating the flow systems experimentally with particle of the v ry 
specific properties and dimensions we have been investigating is not an easy task.    
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An extension in a different direction is assessment of particle breakage probabilities [35]. Given that 
we now have a method to determine the mechanical load on cylindrical particles in complex flow of dens 
suspensions, we can assess probability of breakage of cylinders having a certain strength. The simulations 
could actually perform the breakage event and – starting from a certain cylinder length (distribution) – make 
predictions of a resulting length distribution as a function of agitation conditions. 
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Figures 
Figure 1. Flow configurations. (a) Top and side view of the single cylinder (with diameter d and length ℓ ) 
settling in a fully closed container of dimensions 8 8 12d d d× × ; (b) side and front view of micro channel 
with a cylinder clamped to the bottom; (c) top and side view of the stirred tank with down-pumping pitched-
blade turbine. Cartesian coordinate systems as indicated. Gravity is pointing in the negative z-direction for 







Figure 2. The ( )1 2 3, ,x x x  coordinate system attached to each cylinder. The load (force per unit length) 
distributions responsible for bending are indicated by 2a  and 3a . 
 
 
Figure 3. (a) Undeformed (black) and deformed (red) centerlin  of the cylinder with segments and nodes 
(the dots in the middle of each segment); (b) marker points on an undeformed cylinder, the alternating red 







Figure 4. Cylinder with 4d =ℓ  and 0.5σ=  settling in a closed box. Three time instants as indicated. 
 
 
Figure 5. Time series of the Reynolds number of a settling cylinder (top) and its deflection (bottom) with 
w∆  defined in the text.  Cylinder with 4d =ℓ  and stiffness parameter σ as indicated. 
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Figure 6 The plateau settling Reynolds number ( )Res ss  and deflection ( )ssw∆  as a function of 1 σ . 
Comparing different resolutions for the number of segments sn  and the number of lattice cells per diameter 
d. The dashed line in the lower panel is to  indicate the extent of linearity.  
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Figure 7. Clamped cylinder bending in micro channel flow: tip deflection versus bending parameter χ  
(defined in the text). Comparison between experimental results due Wexler et al [16] and simulations at two 
resolutions as indicated. The inset is a side view of the simulation related to the filled symbol with colors 
representing velocity magnitude in the mid plane. The uncertainty in the experimental data – as indicated in 
one of the symbols – is due to a 30% uncertainty in Young’s modulus. 
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Figure 9. Time series of the average vertical location of the centers of the particles (top) and average 
deformation of the particles (bottom). Particle stiffness and aspect ratio as indicated. Loss of data is c using 
a gap in results for the case 4& 150d σ= =ℓ , as well as the case 6 & 50d σ= =ℓ  not starting from 
0tN = . 
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Figure 10. Impressions of particle suspension along with velocity magnitude contours in the mid-plane. The 
top row shows the evolution of the system with 4d =ℓ  and 5.0σ=  from start-up at moments 14.4tN =  
(a), 30.0 (b) and 130 (c). Bottom row, snapshots of other systems after reaching quasi steady state. (d): 





Figure 11. Time-averaged solids volume fraction after steady state has been reached as a function of the 




Figure 12. Top: probability distribution function (pdf) of particle deformation w d∆  for various stiffness 
coefficients σ . Bottom: average distribution of particle deformation as a function of the vertical location. 
Cylinders with 4d =ℓ  and one case with 6d =ℓ , time-averaging over 25 revolutions after dynamic 
steady state has been reached. 
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Figure 13. Time series – after a dynamic steady state has been reached – of  the torque (translated in a power 
number Po, see text) required to revolve the impeller with contributions from fluid and solids as indicated 




Figure 14. Time-averaged power number Po as a function of σ  for 4d =ℓ  (open symbols) and 6d =ℓ  


















Expression Value or range Description 
( ) 3 2Ar 1 gdγ ν= −  4.15 Archimedes number 
2Re ν= ND  87 Impeller Reynolds number 
Res su d ν=  dependent variable Settling Reynolds number 
ReW UW ν=  0.1≈  Micro channel Reynolds number 
pγ ρ ρ=  1.25 Density ratio 









0.5 − 50 (settling) 
5 – 150 (mixing) 












 10-4 – 10-1 Flow-based flexibility number 
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Table 2: Collisional force equations and parameter settings [6]; all parameters in lattice units: unit of length 
is the grid spacing ∆ , unit if time is the time step t∆ , unit of mass is the average mass per 3∆  (cubic) 
lattice cell.  
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 k =5.0; 0δ = 0.50; λ= 0.50 
normal lubrication force b,d **
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  − = − < < =   
n n n
ij ijF ∆u F 0  
 
nk = 5.0; dδ =1.0; satδ =0.20 
tangential lubrication force c,d **
1 1




δ δ δ λ
δ δ λ
  − = − < < =   
t t t
ij ijF ∆u F 0  
 tk =0.50 
a the force on marker point i with normal in  due to marker point j on a different particle with normal jn  at  
normal distance δ  and tangential distance λδ  
b the force on point i due to point j on a different particle due to the relative velocity in normal direction 
between the two points n∆u ; * * if  and  if δ δ δ δ δ δ δ δ= > = ≤sat sat sat  
c  the force on point i due to point j on a different particle due to the relative velocity in tangential direction 
between the two points t∆u  
d definition of the normal and lateral distances δ  and λδ  between two adjacent marker points; figure 
reprinted from [5]. 
 
 
 
